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ABSTRACT 
Several geotechnical and geo-environmental problems involve water flow through 

unsaturated porous media. Generally flow is governed by the classical Richardôs 

equation. The most important factor entering the governing transfer equation is, with no 

doubt, the unsaturated hydraulic conductivity of the soil. The laboratory procedures used 

to measure this property are tricky, error-prone and time consuming, in particular for 

low suction range. As a result many researchers have proposed different empirical and 

statistical models for estimating the unsaturated hydraulic properties from easily 

measured soil properties.  

In this paper we study the reliability of such indirect methods for predicting the 

hydraulic conductivity of dune sand widely present in the Algerian Sahara. The results 

obtained are promising and attest clearly of the major contribution that may bring along 

the hydraulic property prediction models to the unsaturated soil mechanics practice.  

KEYWORDS:  unsaturated sol; drying; wetting; dune sand; water retention 

curve; hydraulic conductivity. 

INTRODUCTION  

Models that simulate unsaturated water flow have been widely developed and adopted in 

soil sciences. Fundamental to the application of these models is the availability of 

unsaturated soil hydraulic properties, the soil water retention and the hydraulic conductivity 

functions. Measuring these properties is relatively complex, time consuming and require 

expensive testing facilities. As an alternative solution, research focus has been directed 

towards developing semi-empirical procedures to predict these properties. For most practical 

problems, approximate values of soil properties are often sufficient for performing analysis. 
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Hydraulic property functions can then be estimated indirectly from easily measured data 

using quasi-empirical or statistical models.  

Numerous statistically based models have been proposed in the literature to estimate the 

unsaturated soil conductivity function by using the soil water characteristic curve and the 

saturated hydraulic conductivity parameter. The currently available prediction models may 

come as closed form or as complex equations. 

The aim of this study is to investigate the soundness of this approach by estimating the 

unsaturated hydraulic properties of dune sand, a soil widely present in the Algerian Sahara, 

using some simple and relatively known empirical and statistical models. Zapataôs et al. 

model (2000) is used to evaluate the soil water characteristic curve using the grain size 

distribution information. The unsaturated hydraulic conductivity has been predicted, using 

two statically based models Mualem-van Genuchten (1980) and Fredlund et al. (1994), 

beside Vanapalli et al. (2005) empirical model. The results obtained are promising and attest 

clearly that some models can yield good predictions. 

THE SOIL  

It is a dune sand from the south of Algeria. From a geological point of view, the soil is 

classified in the Miocene formation, in which quartz represents about 90% of material. The 

specific density of the grains is about 2.65. The grain size distribution curve is shown in 

Figure 1. The soil is classified as a poorly graded sand (USCS). 
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Figure 1: Grain size distribution curve for dune sand. 

The Soil Water Characteristic Curve  

The soil-water characteristic curve (SWCC) is defined as the relationship between the soil 

suction and water content (either gravimetric w, volumetric ɗ, or degree of saturation Sr). 
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The SWCC is an important property for interpreting the engineering behavior of unsaturated 

soils 

EXPERIMENTAL INVESTI GATION  

Several laboratory tests can be used for studying the relationship between the suction or the 

water free energy and the water content. These methods can be classified in two major 

groups, direct and indirect methods. The direct methods involve only the liquid phase of the 

water, which is what distinguishes them from the indirect methods. For pF greater than 4.5, 

it is indispensable to use indirect methods.  

Soil samples were prepared by static compaction for a dry density of 1.8 and porosity 

around 0.321, than they were wrapped in plastic bags for moisture homogenization during 

two days In order to cover all the range of suction values from dry to saturated state, two 

methods have been used to obtain the experimental data considered in this study. The soil-

water characteristic curves for drying and wetting are obtained using the pressure chamber 

(direct method) but for high suction range, the indirect method of desiccators with sulfuric 

acid is employed (Soeiro F., 1965).  

The soil water characteristic curves y = f(ɗ), for both drying and wetting paths are given in 

Figure 2. The saturated ɗs and residual ɗr water contents deduced from these curves are 0.32 

and 0.0034 respectively. The shape of the curves is in general agreement with soil-water 

characteristic curves for sands. The soil loses the totality of its humidity about 80 % over a 

narrow suction range, extent from 3.16 kPa (pF =1.5) to 15.85 kPa (pF = 2.2), this can be 

attributed to the uniformity of pore size distribution within the soil.  
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Figure 2: Experimental data points for the Soil-Water  

Characteristic Curve for drying and wetting paths. 
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Fitting models for the SWCC  

The soil-water characteristic curve (SWCC) can be used to estimate various parameters 

describing the behavior of an unsaturated soil. According to Leong and Rahardjo (1997), the 

SWCC for different type of soils possesses, in general, a segmoidale shape. Several 

equations of empirical nature, Gardner, (1958), Brooks and Corey, (1964), McKee and 

Bumb, (1984), or formulas based on statistical models, van Genuchten (1980) , and Fredlund 

& Xing (1994), have been proposed to describe the soil-water characteristic curve. The 

statistical models are based on the integration of the density function of the soil pore size 

distribution, given by the general following expression.  

 

mim

R

w

R

(R) f (r)drq =ñ  (1) 

In which ɝw represents the volumetric water content when all the pores with a radius equal 

or less than R are filled with water, and Rmin is the smallest pore radius in the soil, and f(r) is 

the function of the pore size distribution.  

These models have been developed, by considering the possibility of the liquid phase 

continuity between pores of various sizes in the formulation of the probability function. Two 

fitting models based on the statistical approach, van Genuchten (1980) and Fredlund & Xing 

(1994) are considered in this study. 

The van Genuchten model (1980)  

For the model of van Genuchten (1980) the function of pore size distribution is given by the 

equation (2.a), the integration of the distribution function gives the SWCC equation (2.b). 
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With ɝs is the saturated volumetric water content, ɝr is the residual water content, and avg, 

nvg and mvg are model parameters.  

 The Fredlund & Xing model (1994) 

Fredlund & Xing (1994) showed that the soil-water characteristic curve described by 

equation (2.b), falls quickly toward zero water content, over an extremely narrow suction 

range. Therefore it is not suitable in the high suction region. In order to describe the soil 

water characteristic curve more accurately, the authors have proposed another function of 

distribution f(ɣ) given by equation (3.a)  
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This distribution function drops more slowly as the suction increase. Integrating (3.a) and 

introducing a correction function for ensuring zero water content when the suction reaches 

the maximum value (10
6
 kPa), led the authors to suggest the following expression: 

 
f

f

s

m
n

f

( ) C( ).
ln e ( / a )

è ø
qé ùq y = y

é ùè øè ø+ yé ùê úê úê ú

  (3.b) 

The corrector 4function:  

( )

( )
r

6

r

ln
C( ) 1

ln 10

y y
y = -

y
 

With ɝs is the saturated volumetric water content, ry  is the suction corresponding to the 

residual water content ɝr , af, nf and mf are model parameters. 

In order to determine the different models parameters, the authors have proposed graphical 

methods. But with nowadays computing facilities, these parameters are better estimated by 

using algorithms based on least square method. In general the least square method evaluate 

the parameters so that the values of estimated volumetric water content ɗ(ɣi ,a, n, m) , should 

be as close as possible to the measured ones. The objective function to minimize is given as 

:  

  ( )
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= -è øê úä
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i i

i

O a n m a n mq q y   (4) 

With 

( , , )O a n m  : is the objective function;  

M is the total number of measurements 

iqand iy are the measured values.  

A FORTRAN program is developed for this nonlinear minimization problem of the 

objective function, using the quasi-Newton method based on the algorithm presented by 

Fredlund & Xing (1994). Parameters for both models on drying and wetting paths are 

presented in Table 1. 
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Table 1: Fitting parameters for the both models 

Van Genuchten 

(1980) 

Drying ɗr = 0.0034 avg = 0.0737 nvg =4.0541 

 

m vg = 6.2587 

 

Wetting ɗr = 0.0034 avg = 0.1267 n vg =3.0497 
m vg = 4.4554 

 

Fredlund & Xing 

(1994) 

Drying r 11.364y =  af = 5.601 n f = 4.7783 

 

m f = 1.2530 

 

Wetting r 6.3267y =  a f = 3.538844 n f = 4.4376 
m f = 1.9210 

 

We give in Figures 3 and 4 the experimental SWCC data points of the dune sand fitted by 

the two above presented fitting models. According to these results, it can be seen that the 

two models fit fairly well the experimental data along both drying and wetting paths. The air 

entry value AEV estimated by the two models is around 3.56 kPa. It can be observed as well 

that for water content less than 0.03, the model of van Genuchten (1980) diverge from the 

experimental data, whereas Fredlund &Xing (1994) model gives closer estimates and the 

fitting curve drops slowly towards zero water content. From the size of the hysteresis loop, 

we can conclude that the effect of the drying-wetting cycle is not very important on the soil 

structure. 
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 Figure 3: SWCC data fitted with van Genuchten (1980) fitting model.  
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 Figure 4: SWCC data fitted with the Fredlund & Xing (1994) fitting model.  

Zapataôs SWCC Prediction model (2000)  

Estimation of the soil water characteristic curve, on the basis of soil index properties is 

highly desirable due to its simplicity and low cost, provided the accuracy of the estimate 

quantities is acceptable. In a comparison study, which considered 190 soils, Zapata et al. 

(2000) has concluded that the variability associated with estimated SWCC, is in the same 

order of importance as the variability of the measured one. By the end of their study the 

authors proposed two empirical sets of relationships for the soil water characteristic curve, 

one for plastic soils with PI different from zero and the other for sandy soils with PI equals 

zero.  

The model of Fredlund & Xing (1994), Equation 3.b, was adopted to describe the SWCC for 

both types of soils, while relating the model parameters to the soil index properties. For non-

plastic soils (PI = 0), and in order to evaluate model parameter, the following correlation 

relationships were proposed.  
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where D60 is the particle diameter corresponding to 60 % passing by weight in mm.  

Using the grain size distribution curve Figure 1, the D60 for dune sand is estimated around 

0.23 mm. A constant average value is suggested for parameter nf. From this data the 

parameter for Fredlund & Xing (1994) model is:  

af = 2.5 , nf = 7.5 , mf = 0.51 , ɣr = 6 kPa. 

The SWCC given by Zapataôs empirical prediction model is presented in Figure 5 along 

with the experimental data points and the Fredlund & Xing (1994) fitting curve. From the 

first sight we can conclude that, despite the simplicity of Zapataôs et al. suggested 

expressions, the shape of the predicted SWCC is consistent with the SWCC for sandy soils. 

For low suction range less than 4 kPa, the estimated curve fits well with the wetting path, 

but for high suction values though, the curve starts to diverge from the wetting path, ending 

well above the drying path for higher suction. 
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Figure 5: SWCC, Comparison between Fredlund & Xing (1994) Fitting model and 

Zapata et al. (2000) empirical model  

 

THE HYDRAULIC CONDUC TIVITY  

For unsaturated soil conditions, the conductivity is not a constant as it is for saturated state, 

but depends dramatically on the water content and on the configuration of the water in the 

soil pores. The wide range of the hydraulic conductivity has proven to be a major obstacle in 

analyzing seepage problems principally in view of its extremely high experimental costs 

(Fredlund, 1999). 
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Experimental Study  

Circulation of water in response to a suction gradient, obeys the generalised Darcy law as it 

has been demonstrated by several authors (Buckingham, 1907 , Richardôs, 1931 ).  

  liqv k.grad( z)=- y +  (6) 

 liqv  : Debit in cm
3
 by effective section cm

2
 / s  

 ɣ : suction or capillary potential of water (cm) 

 z: elevation of point (or rather of section) with respect to datum  

 k: hydraulic conductivity cm/s.  

The experimental device used to measure the hydraulic conductivity in unsaturated 

conditions is essentially a permeameter with a constant height adapted for measuring the 

hydraulic conductivity under depression. A schematization of the device is presented in 

Figure 6. The soil sample is placed between two porous stones in contact with water, which 

play the role of gates to air bubbles, transmitting at the same time, the applied depression to 

the water within the soil sample. Two different depressions are applied at both sides of the 

sample, using two vacuum regulators (Soeiro, 1965).  

Tests are carried out on samples of length of 2 and 5 cm and about 60 cm
2
 in section. Two 

metallic rings were embedded into the sample for measuring the electrical resistance of the 

humid sand. The measurement of the resistance permits to follow the evolution of the water 

content in the material during the test. Besides, the suction gradient developed effectively 

within the sample is measured directly using two tensiometers. The value of the hydraulic 

conductivity is determined, once the steady water regime is reached, by direct application of 

equation (6). 

Tests start by submitting the saturated sand successively to a suction increase steps, and 

measuring the conductivity for every suction ramp. When the out-flow becomes negligible, 

which corresponds to a suction between 15 to 20 kPa, the suction is lowered, by progressive 

wetting, until finally the sample becomes finally saturated. The conductivity at saturation is 

determined in an ordinary permeameter, it is found to be around 2.0 10
-5
 m/s. 
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Figure 6: General schematization of modified permeameter for measuring 

unsaturated hydraulic conductivity (Soeiro, 1965). 

The experimental conductivity data are presented in Figure 7, expressed in terms of soil 

suction given along with the Gardnerôs (1958) fitting curve.  

Curves for unsaturated hydraulic conductivity, differ according to whether soil evolves in 

drying or wetting, presenting lower conductivity values on wetting path. At the soil saturated 

state the hydraulic conductivity is around 2.10
-5
 m/s, than after falls rapidly with suction 

increases, reaching, for a suction equals to 10 kPa, a value of 6.1 10
-8
 m/s on drying path, 

and 5.68 10
-10

 m/s on wetting path. For suction over 20 kPa the dune sand becomes 

practically impervious. The correspondence between the SWCC and hydraulic conductivity 

puts forward that the geometry of space pores plays a determining role in the transfers of the 

retained water. 
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 Figure 7: Unsaturated hydraulic conductivity of the Dune Sand on drying and 

wetting paths fitted with Garnerôs (1958) fitting model. 

 MODELS PREDICTIONS  

The unsaturated hydraulic conductivity is conventionally predicted using the saturated 

conductivity, ksat and the soil-water characteristic curve (SWCC). Three different types of 

models are available to predict these properties. These include empirical, macroscopic, and 

statistical models. Empirical models are developed using the results of laboratory tests. 

Several researchers have summarized and normalized the data into a curve or a function 

(Richardôs, 1952, Gardner, 1958). Macroscopic models are analytical expressions that take 

into account many variables, which influence the flow of water through the soil (Brooks & 

Corey, 1964, Mualem 1986).  

Models derived by statistical approaches are generally used to predict the hydraulic 

conductivity relation k(ɝ). This approach uses the physical properties of the soil 

represented by the soil-water characteristic curve and the soil saturated conductivity 

parameter. It is based on the fact that the relation k(ɝ), is governed mainly by the pore size 

distribution in the soil mass. Macroscopic and statistical models are advantageous over the 

empirical models since they bear a theoretical ground and hence they are more convenient 

for practical use (Mualem, 1986).  

Mualem -van Genuchten  model (1980)  

Many analytical expressions for predicting the unsaturated hydraulic conductivity have been 

proposed. For example Brooks and Corey (1964) use an analytical expression based on the 

theory of Burdine (1953). Mualem (1976) derived a new model to predict the hydraulic 

conductivity using the soil-water characteristic curve and the saturated soil conductivity. 
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The derivation of Mualem leads to a simple integration formula for the relative hydraulic 

conductivity kr from which an analytical expression can be obtained, if a desired equation 

for the soil-water characteristic curve is available.  
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where y is suction, and Ū is the normalized water content defined as :  
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To solve equation (7) an expression relating the normalized water content Ū to the suction is 

required. An attractive class of functions, is the van Genuchten (1980) equation (2.b) 

rewritten below as:  
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Using this expression, and integrating Mualem equation, van-Genuchten (1980) derived an 

analytical expression for the relative hydraulic conductivity kr, in term of normalized water 

content Ū:  
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 The two parameters mvg and nvg are related by the following condition.  

mvg = 1 - 1/nvg et 0 < mvg < 1 

The relative hydraulic conductivity can also be expressed in term of suction ɣ as follows:  
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The F redlund  et al.  model (1994)  

Childs and Collis-George (1950) proposed a model in order to predict the relative hydraulic 

conductivity based on the random variation of the pore sizes. This model has been improved 

by Marshall (1958) and modified then by Kunze el al.(1968). Fredlund and al. (1994) 

modified slightly the equation proposed by Kunze et al., while using the matrix suction in 

the soil instead of the pressure head.  
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The relation between volumetric water content and suction (i.e SWCC) is divided in M 

equal increments of water content. The hydraulic conductivity k(ɗ) at a specific water 

content ɗi is given by the summation over suction values that corresponds to water contents 

equal or less than ɝi. The factor (ksc / ksat) based on the saturated coefficient of 

permeability, is introduced to ensure a better correlation. The following expression for the 

hydraulic conductivity is proposed: 

 ( )( )
2 p M

2sc s w s
i j

j 1sat w

k T g.
k( ) . 2 j i 1

k 2

-

=

r q
è øq = - + yê úm
ä   (12)  

k(ɗi) : hydraulic conductivity for i
th
 interval ;  

ksc : computed saturated coefficient of permeability;  

ksst : measured saturated coefficient of permeability;  

Ts : water surface tension ;  

ɟw : water volumetric mass;  

ɛw : absolute viscosity; 

p : constant, which take in account the interaction of different pores;  

M : total number of intervals ; 

ɣj : suction for the j
th
 interval. 

 

In term of relative conductivity kr, equation (12) can be written in integral form: 
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To use the equation (13) for computing the relative conductivity, it is convenient to integrate 

over the suction ɭ. Since the equation adjusts the experimental data on a large range of 

suction, the integration can be performed from ɣr to 10
6
 kPa , for all types of soils (Fredlund 

et al., 1994). In order to avoid numerical difficulties during integration, it is preferable to 

integrate on a logarithmic scale, equation (13) becomes then:  
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 With y, dummy variable which represents the logarithm of suction. 
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The Vanapalli Empirical  Model (2005)  

Vanapalli et al. (2005) proposed a simple expression to estimate the unsaturated hydraulic 

conductivity of coarse-grained soils. The technique is proposed using a relationship between 

the relative conductivity kr and the normalized degree of saturation, which is referred as the 

adjusted degree of saturation, Sɔ. To estimate the unsaturated hydraulic conductivity the 

grain size distribution, the porosity, the degree of saturation (or water content), the saturated 

permeability of the soil, are required. The mathematical relationship is expressed as a 

normalized function: 

 7.9 7.9

rk S g g= =Q  (15) 

A relationship between the fitting parameter, ɔ and the index soil properties such as the 

porosity, and the fine content is proposed. The expression is:  

 [ ] [ ]( )2
0.012 1 n clay% silt% 0.38g = + +   (16) 

Where n is the porosity of the soil 

From the above and using the grain size distribution (clay % = 0 and silt% = 1.8) the 

parameter ɔ obtained for dune sand is around 0.4016, hence substituting ɔ in equation (15) 

gives the relative conductivity expression for dune sand :  

 3.17264 3.17264

rk S= =Q  (17) 

 RESULTS AND DISCUSSI ON  

Figures 8 and 9 illustrate the variation of relative conductivity as a function of soil suction 

on drying and wetting paths respectively. From the first sight we can conclude that Mualem-

van Genuchten (1980) model overestimated the unsaturated hydraulic conductivity for dune 

sand even with the fulfillment of the condition on fitting parameter (m = 1 ï 1/n =0.608). 

While the model of Fredlund et al. (1994) gives better results compared to experimental data 

points. Surprisingly enough, Vanapalli et al. (2005) empirical model gives results, which 

identical to that predicted by Fredlund et al. (1994) model on drying path. 
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Figure 8: Relative hydraulic conductivity kr on drying path 
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Figure 9: Relative hydraulic  conductivity kr on wetting path.  

Hydraulic conductivity results given in Figures 8, and 9 are grouped in Figure 10 but 

presented in terms of volumetric water content. In the same figure, it is presented the result 


